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Motivated by the recent experimental realization of twisted double bilayer graphene (TDBG)
samples, we study both analytically and numerically the effects of circularly polarized light prop-
agating in free space on the band structure and topological properties of these systems. In the
high-frequency regime, we find that in TDBG with AB/BA stacking, we can selectively close the
zone-center quasienergy gaps around one valley while increasing the gaps near the opposite valley
by tuning the parameters of the drive. In TDBG with AB/AB stacking, a similar effect can be
obtained upon the application of a perpendicular static electric field. Furthermore, we study the
topological properties of the driven system in different settings, provide accurate effective Floquet
Hamiltonians, and show that relatively strong drives can generate flat bands.
I. INTRODUCTION
Moire´ superlattices have emerged as platforms to at-
tain strongly correlated phases of matter by controlling
the stacking configuration between the layers [1–3]. In
twisted bilayer graphene (TBG) samples, examples in-
clude superconducting, Mott-insulating [4–8], and fer-
romagnetic states [9, 10]. In twisted transition metal
dichalcogenide heterostructures (TMDs), evidence for
moir excitons has been reported [11–13]. More recently,
twisted double bilayer graphene (TDBG) has emerged
as a multi-flat-band system, exhibiting pin-polarized and
correlated phases [14–20].
The plethora of strongly-correlated phases available in
moire´ superlattices naturally invites for the development
of controllable mechanisms that would allow one to tune
in and out of these phases. In equilibrium, hydrostatic
pressure has been used to increase the tunneling strength
and tune the magic angle in TBG [21–26]. On the other
hand, out-of-equilibrium approaches, such as Floquet en-
gineering [27–55], provide a more flexible and controllable
route. Recently, the use of lasers at various frequen-
cies have been proposed to engineer the Floquet band
structure of graphene-based moire´ superlattices. In the
high frequency regime, it has been shown that topological
transitions can be induced in large twist angle TBG [56]
and topological flat bands with non-zero Chern numbers
can be induced in the ultraviolet regime [57]. In the near-
infrared range, several flat bands can be generated [58].
In the low-frequency regime, Floquet drives can generate
a large variety of broken symmetry phases as revealed by
effective Floquet Hamiltonians [59]. Finally, light con-
fined into a waveguide provides a way to selectively in-
crease or decrease the the magic angle by driving in the
low- or high-frequency regime [60].
Floquet engineering has also been proposed for the
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FIG. 1. (Color online) a) Sketch of double bilayer graphene
irradiated by circularly polarized light. The black arrows
indicate the various tunneling process within each bilayer.
The dashed black line represents the twist. b) Moire´ Bril-
loiun zone and band structure for twisted double bilayer
graphene near the K point neglecting γ3/4. The parameters
are w0 = 100 meV, w1 = 120 meV, and θ = 1.05
◦.
generation of valley polarized currents in graphene,
TMDs and van der Waals heterostructures [61–66] with
applications in valleytronics [67, 68]. An interest-
ing effect with topological origin is the valley Hall
effect[69–72], which has been experimentally observed
in monolayer TMDs illuminated with circularly polar-
ized light [73] and graphene-hexagonal boron nitride het-
erostructures [74]. Also, in TMDs, exciton level selective
tuning using intense circularly polarized light has been
demonstrated [75], and the valley Bloch-Siegert shift has
been observed [76]. Furthermore, in bilayer graphene in
the presence of a perpendicular electric field, valley topo-
logical transport has been reported [77, 78]. New flexible
and controllable platforms for the manipulation of the
valley degree of freedom are highly desirable for informa-
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2FIG. 2. (Color online) AB/BA TDBG band structure for
θ = 1.4◦, ∆ = 0 and γ3/4 = 0 along a high symmetry path
in the mBZ. The black solid (red dashed) lines correspond to
the spectrum near the K (K′) point. The Chern numbers in
the gaps labeled a, b, and c are indicated for the K point.
Time reversal symmetry imposes CK
′
= −CK . The energy
scale is E0 = 100 meV.
tion processing.
In this work, we consider TDBG in the AB/AB and
AB/BA configurations irradiated by circularly polarized
light in free-space. We show by deriving effective Floquet
Hamiltonians and by numerical calculations that light in
free-space can induce transitions from a trivial or valley
Chern insulator (depending on the stacking configura-
tion) into a Chern insulator. Furthermore, in the pres-
ence of a transverse electric field, driven AB/AB TDBG
allows the quasienergy gaps at the K and K ′ valleys to
be selectively tuned by varying the direction of the static
electric field, and by modulating the amplitude and fre-
quency of the driving laser. For AB/BA TDBG, we find
that the quasienergy gaps can be tuned selectively even
without an applied electric field. The flexibility of the
quasienergy band structure near the Floquet zone cen-
ter can be used to generate valley polarized currents in
TDBG, independent of the stacking configuration.
The rest of the paper is organized as follows. In Sec.
II we describe static TDBG and the notation we adopt
throughout the paper. In Sec. III, we consider TDBG
driven by circularly polarized light in free space. We con-
sider both high- and intermediate-frequency regimes and
describe effects on the band structure and the topological
aspects in each regime. Finally, in Sec. IV we present
our conclusions.
II. STATIC SYSTEM
In the continuum limit, the static Hamiltonian for
TDBG near the K point with AB/AB (s = s′ = 1)
[AB/BA (s = −s′ = 1)] stacking patterns is given by
[15–17]
Hss′(k,x) = τu ⊗ hs(−θ/2,k − κ−)
+ τd ⊗ hs′(θ/2,k − κ+)
+ τ+ ⊗ λ− ⊗ T (x) + τ− ⊗ λ+ ⊗ T †(x), (1)
where τu = (1 + τz) /2, τd = (1− τz) /2, τ± =
(τx ± iτy) /2, and τi and λi are Pauli matrices in
top/bottom bilayer and layer space, respectively. Here,
σk are Pauli matrices or identity operators in pseudospin
space. The bilayer graphene Hamiltonian is given by [79]
hs(θ,k) =
 ∆1 + δ
−
s γf(Rθk) ts(k)γf∗(Rθk) ∆1 + δ+s
t†s(k)
∆2 + δ
+
s γf(Rθk)
γf∗(Rθk) ∆2 + δ−s
 ,
(2)
with tunneling matrix
t+(k) =
(−γ4f(Rθk) −γ3f∗(Rθk)
γ1 −γ4f(Rθk)
)
. (3)
Each diagonal block in Eq. (2) corresponds to the top
and bottom layers of each bilayer unit, f(k) = kx−iky de-
scribes the intralayer hopping between nearest-neighbor
sites, and γ = vF /a0 in natural units (~ = c = e = 1).
Here, ∆i corresponds to a potential on graphene layer
i, which will describe the effect of an applied electric
field perpendicular to the sample surface. Finally, δ±s =
δ(1± s)/2 is a stacking and layer-dependent gap [79].
The off-diagonal blocks ts(k) describe the tunneling
processes within each bilayer unit [79], including con-
tributions from vertical tunneling γ1, and next-nearest
neighbor tunneling γ3, and γ4. γ3 leads to trigonal warp-
ing and γ4 to particle-hole symmetry breaking. The tun-
neling sector also depends on the bilayer stacking config-
uration s.
The interlayer hopping matrix
T (x) =
1∑
i=−1
e−iQixTi, (4)
Ti = w012 + w1
(
cos
(
2pii
3
)
σ1 + sin
(
2pii
3
)
σ2
)
, (5)
describes tunneling between the two graphene bilayers,
where Q0 = (0, 0), and Q±1 = kθ
(±√3/2, 3/2) are the
reciprocal lattice vectors. We neglect direct tunneling
contributions between layers that are not adjacent to one
another, as indicated by the structure τ+ ⊗ λ− ⊗ T (x).
The parameter w1 in the tunneling term models relax-
ation effects, since the AB and BA configurations within
each bilayer units are energetically preferred over the
AA configuration [80, 81]. Throughout this work, we
fix the parameters γ = vF /a0 = 2.36 eV, a0 = 2.46 A˚,
w0 = 100 meV, w1 = 120 meV, γ3 = 283 meV,
γ4 = 138 meV and δ = 15 meV unless otherwise ex-
plicitly stated.
3The Hamiltonian near the K ′ valley can be obtained
by applying a time reversal operation T to the Hamilto-
nian at the K valley [82]. Before studying the time de-
pendent case it is worthwhile to summarize various sym-
metry properties of static TDBG. In addition to time-
reversal symmetry T , AB/AB TDBG possesses C3z ro-
tational symmetry, and mirror symmetry Mx : y, ky →
−y,−ky in the absence of an applied static electric field.
The AB/BA TDBG possesses C3z, mirror symmetry
My : x, kx → −x,−kx (which switches the valleys), and
MyT [16, 17, 20].
In addition, TDBG displays topological properties cap-
tured by the Chern number, which is defined by C =∑
n∈occ. Cn, with band Chern number
Cn =
1
2pi
∫
mBZ
Fn(k)dk, (6)
where Fn(k) = (∇×An(k))z is the Berry curvature,An(k) = −i〈un(k) |∂k|un(k)〉 the Berry connection, and
|un(k)〉 the eigenstates of Hs(k,x) defined on a plane
wave basis. Time reversal symmetry implies that the
Chern numbers for each valley are opposite to each other
for a given band n, CKn = −CK
′
n . In the absence of a
potential difference, ∆i = 0, theMy symmetry of AB/AB
TDBG implies C
K/K′
n = 0 for each band n [17], since it
does not interchange the valleys. For example, by explicit
evaluation of Eq. (6) nearK, we find that AB/AB TDBG
with γ3/4 = 0 has trivial Chern numbers C
K
a = C
K
b =
CKc = 0 at gaps δEi, where i = a, b, c labels the gaps
as shown in Fig. 2. On the other hand, AB/BA TDBG
has non-trivial Chern number CKa = −1, CKb = 2, and
CKc = 1 even for ∆i = 0. At the K
′ point, we find
CK
′
a = 1, C
K′
b = −2, and CK
′
c = −1, as required by
time-reversal symmetry, placing AB/BA TDBG in a Hall
valley insulating phase.
In the next section, we will study the effect of circularly
polarized light on TDBG.
III. DRIVEN SYSTEM IN FREE SPACE
In this section, we consider the effect of circularly
polarized light in free space incidenting normal to the
TDBG surface. The time-dependent Hamiltonian near
the K point is given by Hss′(t) ≡ Hss′(k(t),x),
Hss′(k(t),x) = τu ⊗ hs(−θ/2,k(t)− κ−)
+ τd ⊗ hs′(θ/2,k(t)− κ+)
+ τ+ ⊗ λ− ⊗ T (x) + τ− ⊗ λ+ ⊗ T †(x),
(7)
and kx(t) = kx − A cos(Ωt), and ky(t) = ky − A sin(Ωt).
Here we used a minimal coupling procedure that is
valid for not too strong couplings to the electromagnetic
field[83]. The vector potential enters in the same way
near both the K and K ′ points. The inter-bilayer tun-
neling sector has, in principle, contributions parallel to
the surface that could couple to the normally incident cir-
cularly polarized light. However, the orbital overlap de-
cays exponentially away from sites that sit on top of each
other in twisted sample [1]. The time-dependent Hamil-
tonian 7 satisfies Hss′(t + 2pi/Ω) = Hss′(t). Therefore,
we employ Floquet theory to write the wavefunctions as
|ψ(t)〉 = eit|φ(t)〉, where |φ(t + 2pi/Ω)〉 = |φ(t)〉 are the
steady states and  is the quasienergies which satisfy the
Floquet-Schro¨dinger equation
[Hss′(t)− i∂t]|φ(t)〉 = |φ(t)〉. (8)
In the extended-space picture [28, 84, 85],
|φ(t)〉 = ∑n einΩt|φn〉. An expansion of the op-
erator [Hss′(t) − i∂t] in modes einΩt leads to∑
m
(
H
(n−m)
ss′ + δn,mΩm
)
|φm〉 = |φn〉, where
H
(n)
ss′ =
∫ 2pi
0
dτ/(2pi)Hss′(τ)e
−iτn. In the next two
subsections, we consider the effects of the drives in the
high- and intermediate-frequency regimes, respectively.
A. High-frequency
In the high-frequency regime, we employ the van Vleck
expansion [86] to obtain an effective Floquet Hamiltonian
HsVv = H
(0)
s + δHs,vV, where H
(0)
s is the Hamiltonian
averaged over one drive period, and
δHss′,vV = −(∆vV −∆(3)vV)1⊗ 1⊗ σz − (∆(4)vV −∆(3)vV)×(
sτu ⊗ λz ⊗ 1 + s′τd ⊗ λz ⊗ 1
)
(9)
where ∆vV = ξ(vFA)
2/Ω, ∆
(4)
vV = ξ(v4A)
2/Ω, and ∆
(3)
vV =
ξ(v3A)
2/(2Ω), where ξ = 1(ξ = −1) near the K(K ′)
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FIG. 3. (Color online) (a)((b)) AB/AB TDBG quasienergies
near the K(K′) point along a high-symmetry path in the mBZ
for θ = 1.4◦, Ω/W = 2, and a0A = 0.04. The gray curves cor-
respond the equilibrium energies. (c)((d)) Quasienergy gap
for at the κ± as a function of the driving strength a0A for
Ω/W = 2. At the K valley, the κ+ closes at a0A ≈ 0.05. At
the K′ valley, κ− closes at the same driving strength.
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FIG. 4. (Color online) (a)((b)) AB/AB TDBG quasienergy
gaps at κ± near the K valley for θ = 1.4◦, Ω/W = 2, and
(a)((b)) a0A = 0.03 (a0A = 0.06) as a function of the tun-
neling between the bilayer units. We set w0 = w1 in this
case.
valley. The simplicity of the high-frequency regime van
Vleck expansion allows us to also retain the effects of γ3,4,
which are harder to capture using more sophisticated in-
termediate frequency regime methods introduced in later
sections.
The gap ∆vV is generated due to the effect that light
has on the hopping in each graphene layer, which is
captured by the component 1 ⊗ 1 ⊗ [σ · (k − A(t))] in
the time dependent Hamiltonian. It breaks both time-
reversal T and mirror symmetries (Mx for AB/AB and
My for AB/BA) and is staking-independent. The gaps
∆
(3,4)
vV are induced by the effect that light has on in-
terlayer hoppings that have components in the plane.
Specifically, these interlayer hoppings are within the top
and bottom bilayers and are captured by the terms
(τu⊗ λ+⊗ ts(p−A(t)) + τd⊗ λ+⊗ ts′(p−A(t))) + h.c.
in the time-dependent Hamiltonian. Specifically, ∆
(4)
vV is
induced by hopping between equivalent lattice sites on
opposite layers. It constitutes a potential difference be-
tween the graphene layers in each bilayer unit, and breaks
both time-reversal and mirror symmetries in both stack-
ing configurations. On the other hand, ∆
(3)
vV is caused
by hoppings between inequivalent sublattices on opposite
layers. It has two components. The first one is indepen-
dent of the stacking configuration and acts as ∆vV. The
second component depends on the stacking configuration
(AB/AB or AB/BA), and acts as ∆
(4)
vV. Next, we will re-
view the effect of these dynamically-induced terms on the
topological properties of TDBG.
In equilibrium, AB/AB TDBG is a trivial insulator for
∆i = 0. The finite ∆vV induced by circularly-polarized
light leads to a transition into a Chern insulator with
Floquet topological bands. For example, consider the
case θ = 1.4◦, γ3/4 = 0, Ω/W = 2, with W = vF /a0.
In Figs. 3(a-b), we show the quasienergy spectrum near
the Floquet zone center /Ω = 0 at the K and K ′ val-
leys, respectively. The effect of light at the κ± near each
valley is the opposite of each other. In Figs. 3(c-d), we
show the evolution of the quasienergy gap at κ± as a
function of the drive strength obtained numerically by
diagonalizing the Hamiltonian in the Floquet extended
space. When the gap closes at κ+ for a0A ≈ 0.05, and
then opens again, the band Chern number changes from
zero to CKn=−1 = −2 for the lower Floquet zone center
quasienergy band (labeled as n = −1) and CKn=1 = 2 for
the higher quasienergy band. This can be understood
from the sum of the contributions of the Berry curvature
from the four Dirac cones composing TDBG near the K
valley. At the K ′ valley, we find CK
′
n = C
K
n , since the
restrictions from time-reversal symmetry are lifted. The
asymmetric behavior of the gaps at κ± arises because
the hybridization of the twisted bilayers breaks inversion
symmetry, and there is no C2z rotational symmetry as in
TDG, leading to a generic gapped state in the absence
of a drive. Upon the application of the drive, the states
at κ± evolve in time in distinct manners resulting in the
structure of ∆vV in the effective Floquet Hamiltonian.
In Fig. 4, we show the evolution of the gap at κ± as a
function of the tunneling amplitude between the twisted
bilayers for drive strengths a0A = 0.03 and a0A = 0.06
(below and above the light-induce transition for the nom-
inal values w0 = 100 meV and w1 = 120 meV). For fully
decoupled layers (w0 = w1 = 0), the gaps are symmetric.
After discussing the Chern number, we recall that
while it is a measurable quantity [87, 88], it is not what
determines the number of edge states. Rather, in Floquet
systems the bulk-edge correspondence is determined by
the winding number W[Uε], defined at a quasienergy ε
inside a gap [89], where
W[U ] = 1
8pi2
∫
dtdkTr
(U−1∂tU [U−1∂kxU ,U−1∂kyU]) ,
(10)
and Uε is a modified time evolution operator [89]. Here,
we calculate W via the truncated Floquet Hamiltonian
in the extended space [89]. For the AB/AB TDBG case
above, we findWKa = 0,WKb = −2,WKc = 0,andWK
′
=
WK at the three gaps considered around the quasienergy
bands shown in Fig. 3(a-b).
Now let’s consider the AB/BA configuration for TDBG
with ∆i = 0. Contrary to AB/AB TDBG, AB/BA
TDBG is a valley Chern insulator at equilibrium. The
energies and Chern numbers inside the gaps are shown
in Fig. 2. As for the case of AB/AB TDBG, circu-
larly polarized light leads to a transition into a Chern
insulating phase with finite Floquet band Chern and
winding numbers. However, in this configuration, the
behavior of the κ± gaps is different: at the K valley,
both κ± gaps close at drive amplitude a0A ≈ 0.058 for
Ω/W = 2, while the κ± gaps near the K ′ valley increase
monotonically with a0A. This selective gap engineering
could be employed to generate valley-polarized currents
in AB/BA TDBG. As for the topological properties, the
Floquet band Chern numbers switch after the transition:
CKn=−2 = −1, CKn=−1 = −1, CKn=1 = 3, and CKn=2 = −1.
The winding numbers inside the gaps are WKa = −1,
WKb = −2, and WKc = 1, with a change from gap to gap
in correspondence with the Floquet band Chern numbers.
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FIG. 5. (Color online) (a)((b)) AB/BA TDBG quasiener-
gies near the K(K′) point along a high-symmetry path in
the mBZ. The parameters are the same as in Fig. 3. The
gray curves correspond the equilibrium energies. (c)((d))
Quasienergy gap for at the κ± as a function of the driving
strength a0A for Ω/W = 2.
Since the gaps do not close at the K ′ point in the
range of parameters we considered, the band Chern num-
bers remain the same as in the static case: CK
′
n=−2 = 1,
CK
′
n=−1 = −3, CK
′
n=1 = 1, and C
K′
n=2 = 1. For the wind-
ing numbers, we obtain WK
′
a = 1, W
K′
b = −2, and
WK
′
c = −1.
Applied static electric field. So far, we have restricted
our analysis to ∆i = 0, which corresponds to no poten-
tial difference between the layers (apart from δ±s ). Now
we consider AB/AB TDBG in the presence of an applied
perpendicular static electric field, which leads to a poten-
tial differences between the layers. We set ∆4 = −∆1,
∆3 = −∆2, ∆1 = 3U/2, and ∆2 = U/2, with U being
the potential difference. In equilibrium, the transverse
electric field places AB/AB TDBG in a valley Chern in-
sulating regime. For U = 10 meV, we find in the static
case the band Chern numbers CK−1 = −2 and CK1 = 2
and corresponding total Chern numbers inside the gaps
CKa = 0, C
K
b = −2, and CKc = 0. At the K ′ valley, we
find CK
′
n = −CKn , as imposed by time-reversal symme-
try. When one drives the system, the gaps at the Floquet
zone center are renormalized. In Fig. 6(a), we plot the
evolution of the quasienergy gaps at the κ± points as
a function of the drive amplitude. Near the K valley,
the quasienergy differences at κ± increase monotonically
with a0A. Since the gap remains open for the driving pa-
rameters considered, the Chern and winding numbers do
not change. In contrast, at the K ′ point, the quasienergy
differences decrease starting from different values in the
vanishing drive strength limit, leading to a gap closing
at κ+ for a0A ≈ 0.08, followed by a closing at κ− for
a0A ≈ 0.107. At the first quasienergy gap closing, the
winding number changes from WK′b = 2 to WK
′
b = 0,
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FIG. 6. (Color online) (a)((b)) AB/AB TDBG quasienergy
gap near the K(K′) valley at κ± for U = 10 meV. Panels
(c-d) show the results for U = −10 meV. The rest of the
parameters are the same as in Fig. 3.
and after the second gap closing to WK′b = −2. The gap
behavior at the K and K ′ valleys can be switched by
changing the sign of the applied electric field, as shown
in Fig. 6(c-d).
Trigonal warping and particle-hole symmetry-breaking
terms. The structure of the van Vleck Hamitonian (9)
shows that trigonal warping (γ3 term in the bilayer
graphene tunneling sector) induces a small correction to
the gap ∆vV, since ∆
(3)
vV/∆vV ≈ 0.014, independent of
the frequency and amplitude of the drive. However, the
effect in the static energies is not negligible.
Combined particle-hole asymmetry (γ4) and trigonal
warping effects induce a staking-dependent gap. For
AB/AB stacking, s = s′ = 1, the gap has the structure
(∆
(4)
vV − ∆(3)vV)1 ⊗ λz ⊗ 1, which constitutes a potential
difference between the graphene composing each bilayer,
with |(∆(4)vV −∆(3)vV)/∆vV| ≈ 0.01. For AB/BA stacking,
s = −s′ = 1, the gap has the form (∆(4)vV−∆(3)vV)τz⊗λz⊗1.
In general, this terms can renormalize the topological
transition points. For example, in Fig. 7, we plot the
quasienergy gap at the κ± points as a function of the
driving strength a0A for two frequencies in the high-
frequency regime. Therefore, although the static energies
can be significantly modified by γ3,4 6= 0, Floquet drives
can be used to manipulate the gap structure.
In this subsection, we restricted the discussion to high-
frequency and weak drives. In the next subsection, we
will derive an effective Floquet Hamiltonian valid for in-
termediate frequencies and intermediate drive strengths.
We will show, in particular, that in this regime we can
generate Floquet flat bands, which are impaired by trigo-
nal warping and particle-hole symmetry-breaking effects.
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FIG. 7. (Color online) AB/AB TDBG quasienergy gap near
theK valley at κ± γ3,4 = 0 (dashed curves) and γ3,4 6= 0 (solid
lines) as a function of the driving strength for (a) Ω/W = 2,
and Ω/W = 1.25.
B. Intermediate-frequency
In the intermediate-frequency and intermediate drive
strength regime, we obtain an effective Hamiltonian by
performing a modified rotating frame transformation [59]
and taking an average over one period (see Appendix A
for details). For our analytical results, we neglect the
effect of next-to-nearest neighbor hopping within each
bilayer unit (γ3 = γ4 = 0), but we will discuss them
numerically. Then, the effective Floquet Hamiltonian is
given by
Hss
′
F = R
† (H¯ss′ + δHF )R, (11)
where R is a twist-angle dependent unitary transforma-
tion (see Appendix A for the explicit expression), and
δHF = ∆F1 ⊗ 1 ⊗ σz, with ∆F = AJ1(2
√
2A/Ω)/
√
2,
where Jn(z) correspond to the n-th Bessel function of
the first kind. As in the high-frequency regime, δHF is
independent of the AB/AB or AB/BA stacking configu-
ration. H¯ss′ is given by
H¯ss′(k,x) = τu ⊗ h˜s(−θ/2,k − κ−)
+ τd ⊗ h˜s′(θ/2,k − κ+)
+ τ+ ⊗ λ− ⊗ T˜ (x) + τ− ⊗ λ+⊗˜T †(x), (12)
where
h˜s(θ,k) =

∆1 + δ˜
−
s γ˜f(Rθk) t˜s
γ˜f∗(Rθk) ∆1 + δ˜+s
t˜†s
∆2 + δ˜
+
s γ˜f(Rθk)
γ˜f∗(Rθk) ∆2 + δ˜−s
 ,
(13)
γ˜ = J0(2A/Ω)γ = J0(2A/Ω)vF /a0, which is interpreted
as a reduction of the Fermi velocity. The layer and
stacking dependent gap δ˜±s = δJ0(2
√
2A/Ω)(1 ± s)/2
is suppressed, and the tunneling is now given by t˜s =
γ1J0(2A/Ω)(σ1 − isσ2)/2. None of these effects are cap-
tured in a leading-order van Vleck expansion, and its
challenging to capture the functional form simply by
computing higher-order terms.
The position dependent interlayer coupling for the two
center graphene layers renormalizes to
T˜ (x) =
1∑
n=−1
e−iQn·x(T˜n − iωθσz)
T˜n = ω˜012 + ω˜1
[
cos
(
2pin
3
)
σ1 + sin
(
2pin
3
)
σ2
],
(14)
where
ω˜1 = J0(2A/Ω)ω1
ω˜0 = ω0 + sin
2(θ/2)
(
J0
(
2
√
2A
Ω
)
− 1
)
ω0
(15)
are renormalized interlayer couplings and a new angle-
dependent coupling
ωθ =
1
2
sin(θ)
(
J0
(
2
√
2A
Ω
)
− 1
)
ω0, (16)
has been introduced that is absent from the equilibrium
case.
As it can be deduced from Fig. 8, this effective Hamil-
tonian is accurate up to frequency and driving strength
regimes where the van Vleck approximation breaks down.
In particular for a driving frequency Ω/W = 2 one
can describe gaps with errors below 10% up to driving
strengths a0A ≈ 1, in contrast the van Vleck approxi-
mation only manages to do so until a0A ≈ 0.45. There-
fore, the implementation of an improved transformations
into a rotating frame can enhance the range of validity
of effective Floquet Hamiltonians when it comes to driv-
ing strengths. A similar observation can be made if one
keeps the driving strength fixed - in our case a0A = 0.3
- and varies the frequency. The rotating frame Hamilto-
nian here describes gaps with an error of less than 10%
for frequencies as low as Ω/(2W ) = 0.45, while the van
Vleck expansion has the same level of accuracy only up
to Ω/(2W ) = 0.75 . Therefore, the approach allows one
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FIG. 8. (Color online) Relative error of the quasienergy gap
at the κ+ point in the mBZ for δ = 0 meV as a function of (a)
the driving strength for Ω/W = 2 and (b) the frequency for
a0A = 0.3. In the whole range considered, the rotating frame
effective Hamiltonian provides a more accurate approximation
to the exact gap.
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FIG. 9. (Color online) (a) AB/AB TDBG quasienergies near
the K valley along a high-symmetry path in the mBZ for
θ = 1.4◦, ∆i = 0, Ω/W = 1.05, and a0A = 0.3. The gray
curves correspond the equilibrium energies. In panel (b), we
show the case θ = 1.05◦ for the same drive parameters.
to reach into an intermediate strength and intermediate
frequency regime, while the van Vleck expansion is re-
stricted to large frequencies and weak coupling. This
type of effective Hamiltonian could make it easier to si-
multaneously describe the effects of circularly polarized
light for a wide range of driving protocols and computa-
tionally challenging additional effects such as disorder.
Finally, in Fig. 9, we plot the quasienergy spectrum
around the Floquet zone center and along a high symme-
try path in the mBZ for drive frequency Ω/W = 1.05 and
drive strength a0A = 0.3. We included the effects of trig-
onal warping and particle-hole asymmetry. Therefore,
stronger drives can generate Floquet flat bands, even in
the presence of trigonal warping and particle-hole asym-
metry, which in equilibrium tend to endow the bands
with significant dispersion [17].
Experimental parameter estimates. The laser drive pa-
rameters required to obtain the effects discussed here
are accessible in experimental settings. The quasienergy
gap closings for TDBG without applied static electric
field where obtained for driving strengths (e/~)a0A =
ea0E/(~Ω) . 0.06. For the high frequency considered
in the UV regime, ~Ω = 2W ≈ 5350 meV, a peak elec-
tric field E ≈ 9.5MV/cm leads to the required driving
strength. A combination of a stronger electric field and
lower driving frequency could be also considered. For ex-
ample, to obtain Floquet flat bands, as shown in Fig. 9,
we use ~Ω = 1.05W ≈ 2809 meV and driving strength
(e/~)a0A = ea0E/(~Ω) ≈ 0.3 which cab be obtain with
a peak electric field E ≈ 25MV/cm. In graphene, laser
pulses with peak electric fields of 30 MV/cm with near-IR
frequencies have been employed to generate light-field-
driven currents [90].
IV. CONCLUSIONS
In conclusion, we have studied twisted double bilayer
graphene driven by circularly polarized light in free space.
We demonstrated that TDBG in the AB/AB configura-
tion with an applied static electric field perpendicular to
the layers, the drive permits valley-selective quasienergy
gap engineering. The periodic drive also leads to a topo-
logical transition into a Chern insulating state due to
the broken time-reversal symmetry. For TDBG in the
AB/BA configuration, the driving protocol can lead to
valley-selective engineering even in the absence of an
applied electric field. Finally, we showed that stronger
drives can generate Floquet flat bands. Therefore, peri-
odically driven TDBG is flexible platform that could be
used as a platform to generate valley-polarized currents.
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Appendix A: Effective Floquet Hamiltonian in the
intermediate frequency regime
For simplicity of discussion we will neglect the effects
of trigonal warping for this section. That is the model
Hamiltonian we consider is
H0,s =

h+t,s + ∆1 ts 0 0
t†s h
+
b,s + ∆2 T (r) 0
0 T †(r) h−t,s + ∆3 ts
0 0 t†s h
−
b,s + ∆4
 ,
(A1)
where hdl,s = vF (R(−dθ/2)(k − κd))σxy + δ(1 − lsσ3)
is the Hamiltonian for graphene and the index d = ±
labels the two bilayer graphenes and l = ± (with ”+” for
t and ”−” for b) labels the layers of each double layer.
Furthermore we distinguish between AB and BA stacking
for the double layers via a term s that is s = ± for
AB/BA stacking. Therefore δlsσ3 is a stacking and layer
dependent gap, t is the interlayer hopping matrix for the
top and bottom double layers with ts = t/2(σ1 − isσ2).
The term
T (r) =
1∑
i=−1
e−iQirTi
Tn = ω
′12 + ω
[
cos
(
2pin
3
)
σ1 + sin
(
2pin
3
)
σ2
] (A2)
describes the hopping between the two bilayers and cap-
tures the spatial dependence due to the mutual rotation.
It depends on two coupling strengths ω and ω′ that cap-
ture the effect that AB/BA and AA-type regions of the
center twisted bilayer can have different lattice constants.
Since the hopping is dominated by hopping between adja-
cent layers we neglect higher order interlayer tunnelings.
Lastly ∆i describe a layer dependent bias.
We introduce circularly polarized light by means
of minimal substitution p → p + A/vF with A =
A(cos(Ωt), sin(Ω)). The Hamiltonian then becomes peri-
odically time dependent H(t) = H(t+ T ) with period T
and can be split as H(t) = H0 + V (t), where
V (t) =
v
+(t) 0 0 0
0 v+(t) 0 0
0 0 v−(t) 0
0 0 0 v−(t)
 , (A3)
where v±(t) = R(∓θ)Aσxy.
The time dependence makes a full treatment of the
problem cumbersome especially if one wants to build on
the model and introduce additional complications such as
disorder. Luckily the time dependence can be reduced.
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This can either be done via a perturbative expansion or
non-perturbatively by going to a rotating frame. A use-
ful rotating frame of such a sort is implemented by a
unitary transformation U(t) that fulfils U(T ) = 1 be-
cause at stroboscopic times one may forget about the
unitary transformation since it is unity. Naively one
may choose such a unitary transform that has the form
U(t) = e−i
∫
dtV (t). While this is useful and leads to
good results it is not the ideal choice for the problem at
hand. This is because it can introduce mathematical ar-
tifacts such as an unphysical breaking of rotational sym-
metry like in the case of graphene [cite our paper and
eckhardt’s]. For our case we therefore employ a better
choice that was introduced in [cite our paper] and split
the time dependent part of the Hamiltonian as
V1(t) = A cos(ωt)

σ
θ/2
1 0 0 0
0 σ
θ/2
1 0 0
0 0 σ
−θ/2
1 0
0 0 0 σ
−θ/2
1

V2(t) = A sin(ωt)

σ
θ/2
2 0 0 0
0 σ
θ/2
2 0 0
0 0 σ
−θ/2
2 0
0 0 0 σ
−θ/2
2

, (A4)
where the rotated Pauli matrices σ
θ/2
i given by σ
θ/2
i =
ei/4θσ3σie
−i/4θσ3 were introduced as a convenient short-
hand. The unitary transformation we use now is given
as
U(t) = e−i
∫
dtV1(t)e−i
∫
dtV2(t). (A5)
This choice is useful because it preserves rotational in-
variance of the dispersion relation after a time average
over one period if the interlayer couplings are neglected
as seen in [cite our paper] and leads to an improvement
over more conventional high frequency expansions.
If we apply this unitary transformation to the
Schro¨dinger equation i∂tψ = (H0 + V (t))ψ and take an
average over one period we arrive at the following effec-
tive Hamiltonian
HF,s = R
†

h˜+t,s + ∆1 t˜s 0 0
t˜†s h˜
+
b,s + ∆2 T˜ (r) 0
0 T˜ †(r) h˜−t,s + ∆3 t˜s
0 0 t˜†s h˜
−
b,s + ∆4
R,
(A6)
where R is a unitary transformation given as
R =
R+ 0 0 00 R+ 0 00 0 R− 0
0 0 0 R−
 ; R± = exp(− i
2
σ
±θ/2
2 γ)
(A7)
which includes a rotation around the y-axis in pseu-
dospin space with angle γ = 2AΩ . In this rotated space
we find that the Hamiltonian for a single graphene layer
is modified as
h˜dl,s = v˜F (R(−d θ/2)k)σxy + δ(1− lsJ0(
√
2γ)σ3)− ∆˜σ3,
(A8)
where we find that the layer and stacking dependent
gap lsσ3 → lsJ0(
√
2γ) has been suppressed by J0(
√
2γ),
where Ji are Bessel functions of the first kind. The Fermi
velocity is lowered to vF → v˜F = J0(γ)vF and a new
stacking and layer independent gap ∆˜ = A
J1
(
2
√
2A
Ω
)
√
2
has
been introduced. For the interlayer couplings in the two
double layers we find ts = t˜/2(σ1− isσ2) with merely the
strength renormalized to t → t˜ = tJ0(γ). The position
dependent interlayer coupling for the two center grephene
layers changes to
T˜ (r) =
1∑
i=−1
e−iQir(T˜i + ω′′θ/2(sin(θ/2)12 − i cos(θ/2)σz)
T˜n = ω
′12 + ω˜
[
cos
(
2pin
3
)
σ1 + sin
(
2pin
3
)
σ2
] ,
(A9)
where the coupling ω → ω˜ = J0(γ)ω has been renor-
malized and a new angle dependent coupling ω′′θ/2 =
sin(θ/2)
(
J0
(√
2γ
)− 1)ω′ has been introduced.
